Abstract-This paper presents the formulation of a transient stability constrained optimal power flow problem. The Taylor series expansion of differential equations method and the value of rotor angles with respect to a center of inertia frame of reference have been used to model the transient stability constraint. The MATLAB optimization toolbox has been used to implement the method. Results on the IEEE 39-bus system show that it is possible to provide a transiently stable dispatch which could prevent a power system from being transiently unstable following a fault.
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I. NOMENCLATURE
The following symbol definitions will be used throughout this paper.
P
Total number of buses in the system n g Total number of generators P gi Active power generation at bus i Q gi Reactive power generation at bus i P Di Active power demand at bus i Q Di Rective power demand at bus i P ij Active power flow from bus i to bus j Q ij Reactive power flow from bus i to bus j δ i
Rotor angle of the i-th generator ω i
Rotor speed of the i-th generator V i
Complex voltage at the i-th bus V mi Voltage magnitude at the i-th bus θ ι
Voltage angle at the i-th bus f i (P gi constraints also. The state of the art OPF is able to handle static-security considerations also where physical and operating constraints would not be violated following a credible contingency. Prior to the move of the vertically integrated power system industry towards a deregulated type, the power systems have been operated in a conservative manner. With the advent of competition into the power system industry, the transmission systems would be pushed to near their operating limits for fair usage. The OPF is set to become a fundamental tool for use in such deregulated power systems to decide the final dispatch and hence the operating point. As mentioned earlier, although conventional OPFs are able to take into account static-security considerations, the operating point decided by the OPF does not guarantee that the power system would be transiently stable following a fault. With the power systems being operated near their stability limits transient stability is the main concern in realtime operations and is the biggest challenges to the OPF [1] .
Conventionally this problem has been approached by trial and error methods where a re-dispatch is carried out after analyzing the transient stability for various faults . This is a part of standard online Dynamic Security Assessment procedures [2] where the transient stability analysis is carried out by: i) A direct step-by-step integration (SBSI) method which is computationally intensive ii) An indirect energy function approach which is computationally cheaper. There has been some recent research in direct incorporation of transient stability based constraints into the conventional OPF. Deb et al presented a theoretically straight-forward method in [3] [4] where both voltage stability and transient stability constraints were integrated, at least in theory, into the dispatch/pricing optimization model. The dynamic equations were converted into numerically equivalent pure algebraic equations so that they can be easily incorporated into the dispatch optimization as additional equality constraints. This increased the state variable and constraint set significantly and is the major source of the computational burden of the method. Singh and David have proposed a transient energy function based re-dispatch method in [5] where the generators are re-dispatched if the stability margin of power system, calculated is inadequate. The re-dispatch was also made sensitive to price signals so that the competing generators had an input to the re-dispatch. But [7] . A parallel computation method was presented in [8] where the large computation was distributed among a cluster of workstations to ensure transient stability for a set of contingencies collectively. A primal-dual Newton interior point method was presented by Yuan et al in [9] to solve a multi-contingency OTS formulation. Another primal-dual interior point method was used to implement a concept of "the most effective section of the transient-stability constraints" in [10] . Li et al exploited the quadratic convergence of the inexact Newton method in [11] . Sun et al have proposed a penalty based approach in [12] where the adjoint equation method is applied to evaluate the gradient of the penalty term associated with the stability constraints. A functional estimation technique was used in [13] to form a dynamic security constraint by evaluating the critical clearing time as a function of the bus voltages and restricting the actual clearing time.
This paper presents the results of an early attempt for the formulation of an OTS where the solution of the differential equations is obtained using the Taylor series expansion (TSE) of differential equations method. The TSE method does not require a small time step as compared to the discretization of the differential equations to algebraic form using the trapezoidal rule. This considerably reduces the number of integration steps needed for the solution of the machine dynamic equations. The value of the rotor angles in the center of inertia frame of reference have been used to model the transient stability constraint as described in [3] . The MATLAB optimization toolbox [14] has been used to implement the method.
III. MODELING OF THE TRANSIENT STABLITY RELATED
CONSTRAINT
This section presents the formulation of the transient stability related inequality constraints to be incorporated into the conventional OPF to form an OTS. A brief description of the TSE method is presented first. The TSE method was used by Haque et al to efficiently identify coherent generators in [15] , determine first swing stability in [16] and for rapid computation of critical clearing time by utilizing energy functions in [17] . The rotor angle and speed of the generator can be predicted rapidly by the TSE method using (1) and (2) . The transient stability or instability state of a power system at any time can be indicated by the distance of the rotor angles from the center of inertia angle at that time [3] . Simulation results would demonstrate that it is possible to avoid transient instability for a power system for a particular fault by limiting the value of the rotor angles in the center of inertia frame of reference as shown in (3). 
IV. OTS FORMULATION AND IMPLEMENTATION
This section highlights the details of the OTS formulation.
A. Objective Function
The objective function is the sum of the cost functions of the generators and the objective is to minimize the total cost as in a centrally dispatched market system.
( )
B. Equality Constraints
The basic equality constraints consist of the load flow equations which are required to be satisfied for any OPF and are shown in (6) and (7). 
C. Objective Function
The basic inequality constraints arise from limitations on the active and reactive power output of the generators and also on the voltages at each bus as shown below in (8), (9) and (10) . Additional inequality constraints are needed to limit the rotor angles of the generators in the case of faults. Hence inequality constraints of the form shown in (4) have to be included for each generator for each fault. We are considered with only first-swing stability here and the classical model is appropriate for dynamic simulation during that period [19] . Hence, the classical model of the generator has been considered for the dynamic equations in
Additional inequality constraints can be included for thermal limits of the lines, power flow over the lines etc. But these are quite straightforward and are not included in this study. The bus voltage angles are also included in the state-variable set.
The above formulation was implemented in MATLAB using the 'fmincon' function [13] available in the optimization toolbox. An advantage of using the 'fmincon' is that the constraints can be directly evaluated as functions of the state variables which can be separate modules reducing programming complexity. In this case for example, the transient stability constraint was formed by having another function that evaluates and returns a 1 × g n matrix with the absolute value of the difference of the rotor angles from the center of inertia at 1s. The [C] matrix required by the 'nonlcon' [13] is evaluated as shown formulated as below. The number of transient stability related constraints and the related state-variables i.e., the rotor angle for each generator and for each fault would increase considerably. Obviously this would have a direct effect on the computation time and also lead to convergence issues. Instead of restricting rotor angles in the center of inertia frame of reference for each step of the integration, the rotor angles at 1s have only been considered to control first swing stability. This reduces the number of additional constraints and state variables needed. These and other computational issues have not been explored here and are beyond the scope of the objective here. The paper aims at the formulation of an efficient way to directly integrate transient stability constraints into the conventional OPF.
V. RESULTS WITH THE 39-BUS SYSTEM
This section presents the results of the application of the above OTS formulation on the 39-bus system [18] .
A. Base OPF (No Transient Stability Constraints)
A base OPF is carried out followed by the simulation of the same fault as before i.e., near bus 2 on line 1-2 for a duration of 0.2s. Fig. 2 illustrates the trajectory of the relative rotor angles i.e., the difference between the rotor angles of all the generators and the rotor angle of the largest generator [19] , for the above mentioned fault. Generators 1 to 10 are at buses 30 to 39 respectively and Generator 10 is the largest generator. Since the relative rotor angles are increasing indefinitely the system is adjudged to be transiently unstable for this particular fault. 
B. OPF with Transient Stability Constraints
The additional inequality constraint to limit the value of the rotor angles in the center of inertia frame of reference at 1s is also included for the ten generators. The fault is simulated again with the new bus voltage and generator output powers. The OTS is carried out with ε=100 degrees and ε=95 degrees. The figure of 95 degrees was found to provide a transiently stable dispatch for the fault under consideration as will be seen in the results to follow and has been chosen to illustrate the method. Fig. 3 and Fig. 4 show the plot of the relative rotor angles. Although the base OPF provides a dispatch that respects the physical and operational limitations, it did not guarantee the transient stability of the system after the fault has been cleared. Incorporating the transient stability constraints into the OPF to limit the value of the rotor angle allowed us to ensure that the system would be transiently stable following the fault. With ε at 100 degrees, the system was not transiently stable but the increase in the relative rotor angles was at a much slower rate than that caused by the effect of the fault on the dispatch given by the base OPF. This exhibits the advantage of integrating the transient stability constraints into the OPF. By choosing a more conservative value of ε at 95 degrees, the system was transiently stable for the particular fault. A comparison of the bus voltages and active power outputs of the generators for each of the three dispatches has been shown in Table 1 and 2 respectively. It can be seen that the active power output of some generators stay close to the values obtained by the base OPF, while the difference is more for the other generators which are close to the fault location. 
VII. CONCLUSIONS
From the above results we can conclude that with small adjustments of the state-variables in the original OPF it is possible to ensure the transient stability of the system for a particular fault. The functional evaluation of the transient stability of the system for the particular fault under consideration and its use as inequality constraints in the OPF allows us to ensure transient stability for faults at a particular fault location. Incorporating such equations for a set of faults at different locations can ensure transient stability of the power system for faults occurring at those locations. Hence a set of faults can be treated simultaneously. It is a well known fact that the numerical integration of the differential equations by methods such as the trapezoidal rule requires a very small time-step to be accurate. Using the TSE method to form a functional constraint that allows us to use a much larger time step of integration can prove to be more efficient. Also instead of actually integrating the solution of the differential equations into the OPF [3] by forming a functional constraint that restricts the rotor angles at 1s considerably reduces the number of additional constraints and state variables needed. Although these computational issues have not been explored here, they are an area of future work for an efficient and practical implementation of the OTS.
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